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ANALYSIS OF A HALF-IWVS, JifcCTimH CIHCÜIT 
INVOLVING ItiDUCTAACE, RtSIäTüNCI, AND CkPACVIX 
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A description of an approximate solution of the bAli'-iravt rectifier circuit 
problem discussed In Radiation Laboratory R-jport T-12 is given. Design 
curv&s for choosing optimum values of rectifier constants are given. The 
exact solution Is involved, inasmuch as it Mnttlnj the rircuit constants 
in complicated expressions; tne approx5oate analysis presented here contains 
the circuit constants In a simplified form. Several less complete analyses 
of this circuit have been made, but tr.iir rjsults do not agre» w.'th experi- 
ment. The curves in tnie report agree closely with results of experiment» 
made at the Radiation Laboratory. 
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AJv'AüTSÄS (F *. HAlf-^.VJ 2 CHFXER OZKOUXf LiV.    i i 

EJDUCTJtf'C'i, BS6I3ZAS0B, ABS UMOSR 

Iho ."oULo-.-ing is r. dtMripbioa o' ca tp;,ro-:i.u ;.« aolulica of the 

half «mm recv.vfisr profcl» üij!US3.ü :'. i BepoTt 7-13 by I., J, VCiito.    Tl» 

circuit is ahc.u in li.\,xvj 1, 

.'S; r<mmT\-. 
1 L I, It) 

Wf« «*' «•• 

i  

Fig. 1. 

E= ATomja lotd vcl ;;>.„', 

AS* Jifvar-H.ae of UN rrMmi oi.d /liaiaij TUltwi of the load Tol-U^a; 

I = iTci-t«;o Ictd mrali 

1^ = ?oeü: in^ut vu"»«^? i.) -MJvl-'-.cir; 

Im -r ?»o!: rest Vier xii'rcai; 

E4 = VtCfactiTo TJcl-..« of inpvrt voltifj  - Si      j 
7T 

I# = üfreotdvo value   £ rtotlfisjr omvontj 

E_ = .'oak i.-.vwc;: rcciii**.sr voltrca = 3 * £,.; p 
iä    ~ :Jo load pc*fc iar«TM MOttftaV wpltafi •  "a; 

Tha follew'xß 1'ati.oe r.re uajd in MM  j.'t-p r. to tin- and äC the rsport: 

vT ■ TrtiiafoR'.u' »MOtkterjr utilisaiiioa fcottr ('i'. V, F.)j 



ET g X- s Rectifier utilization factor(HBU.F.); 

XX 
>iK,Tns He loci rectifier utilisation footorj 

•y-     a inverse ncel: volt-cßo ratio of rectifier) 

s iifitj.o of ovcrojo to poak rectifier current) 1 

2 Ratio of average to ofi'ectivo rootifior 
current; 

R =—  « 0. of rootifior Input circuit) 

re» 

r 

.t 
r 

a Ratio of lnclactlvo renotanco to load reals- 
tcnco; 

s Ratio of rectifier input roaiatanco to load 
resistance; 

■ Product of load voltage rlpplo faotor and 
ratio of load resistance to condenser reactance« 

In general, in tho sot of curves at the end of the 

report, tho ratio, Z/E~i is tak.in as independent variable 

and Q = 0, 2, 4, 8, IG, 32, oo os parameter. The WüVO form 

of the reetifior current is ahown In the graphs, and there are 

listed tables of each of tho above ratios. 

Analysis of the Olrouit The analysis of the cir- 

cuit of Pig, 1 is involved Inasnuah as thoro urc several 

parameters under consideration. Dtwnr since tho choice of 

tho cordenser will be such as to Maintain nearly constant 

load vcltnge, the toUoaiag  oireuit will approximate Fig» 1, 

£fc7- 
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/_ Stt *»-6 *o\ =» 

providing that it ia rcquirod that tho bnttory dolivor 

no pov/or to tho loodt 

Slnoe the ncthod of .mlyain ia I003 Involved if 

the snocinl conos, " ■ 0 and Q ■ oo ore considered sepa- 

rately, no poatpono tho analysis of fch?3e two eisen until 

lotap. For 0<:;<oo, the nctoork oquntiona for Fiß. 2 are 

SJ^tiX, »^ •!■-»- V. 
(1) 

rl e JS. 

Tho gAMPfll solution for I^ft)  ia 

1 

Ij = ho  " +B 3in -.t - C cos wt - 2 

Substituting (2) into (1), Uk3 equating coefficients of 

sin bora* and of cosine terns, v/o obtnin tho following 

equnticno for 0 and Ci 

u>Lfi ■ nc, 

Fron thoso two equations, no obtain 

a s —L_ *i 
iT^ T  ' 

w 

I,. 



where 

oo that 

R ' (*) 

"7?u* $1  1   f 
Ijft) s Do - + •£- Y=W Jsintft - Q cos ut 

In order to doternino D, wo us the condition that 

the rectifier starts to conduct when th* voltac© across Its 

tcrnln/.la boconcs aero, that la when 

(4) 

Let 

fi„ sin u>t - J3 s 0. ■ 

2 — s oln A, 

A boinc i;lvon In radians. Then conduction begins when 

dt mi, 

Substituting (5 ) In (4), ./o obtain 
(fi) 

-AA      «fl  0       fi 
0 s Do       + IT j^TT?     f-r oln A - cos A 

- (^Q) sin A) I 

or 
lim      ä B ■ 
IT r~5   e        (coa A*Q sin A). 

IMP 

Placing thia valuo of D in U), ere have 

•to     . 



J 

or, using (C), 

whore 

I}(t)   " jgg      1       gjn  X  -  Q COB  X+Q(C08 A 

,  J(A-x}      _      1 
+ Q ain A) e*     -(!«■ Q^) ain A 

f ^-"Ä «*• 

f(s) * nin x - Q coo x+-Q(cos A+-Q sin A}>« 

e«     ~(1->Q2) sin A.     (fl) 

How ve wish to Inpo-io the condition that the battery 

aupply no power to the load* This condition will be obtained 

if the total current supplied to the load during one oyole 

of the generator voltage i.a  equal to tho total current that 

flow3 tlirough tho reouifior during tha cycle. Sinoe the rec- 

tifier atopa cond'zotlng 4MB its current drops to zero, that 

la when 

X  s xlf (T) 

the tot-1 charge flowing through the rectifier is given by 

,.f  1*0» «.j^ Pttx)  dx 
JA (a) 

whtreae tho total charge flowing through tha load it. 

mn 



ix I (») 

Carryir.3 out the integration Indicated in ( 8)  and equating 

the result  bo ( 9 J, no have 

Q2(eoa A 'Jr.   J3P   - °oj ^ - (J sin Zj 

.   &(A-X,) 
+ Q sin A) •(* * -(1^)^ sin A 

■»■003 A- Q aln A* Q2(ooa A-.Q sin Aj 

+(1*Q2)A sin A 

s 2iri 

31« 

* 1   1+ [< id - LpJU »M A    (l^JCA-Xi)  3in A 

-•-{1+Q2)(P;,., A Q sin A)-Q2(eoa A+Q sin A)X 

^j (A-x1)-(ooa Xj+q ain Xj). .    (W) 

Substituting ( 7 )  in (8), wo havo the condition for out-off. 

; IOS A+-Q sin A) •' 

Subatltuting I'll) into (lOi, we obtain 

(A-Xi) 
= sin x-»Q 008 

-(1-i-Q2) ain A. 

ig^. |(A~Xl)-r 080 A (OOB A-003 Xj)1 

To J'ind the peck current, «e set 

«*/.-- 



§J(A-»8)J«0 , 

and no'.ve for x.,.    'Phon by equation ( 6) 

ST   TH s "~B >si;3 *<r^ ooa xp->G(eoa A/Q »in A)x 

J (A.Xg)-(l+0.8) am A] J 

r  .Jl 
1+^8   I8111   *2"f   co* *M*Q ilOU XZ*0? 6l" *g 

-(If 3s)  aln Aj 

• Q(sin Xn - 3in A). 

The ofi'ootivo restiflar owrc.it la evidontly 

J I v. 

'    -'A . 
dx 

yo cuumarizo tho reaulte BO tcrt  let 

a a A-x^ + co A (cea A - coa Xj_)  , 

b « ain Xr. - rin A  . 

r—H * 

IT" ~ ain A 

(l«; 

jtiV- <■ 



H ■ s r 

f = Sr ' » 

Ir.,= Qb , 

ET *o s T+Tp? d • 

Proii euuationo 

lowing equation a: 

CM) 

Ci») 

wo nay derive the fol- 

I    B «*L 1*Q"., 1+Q«- a ol f f 5 -rru -JTIT —a- ain A 

i.sur,   i 1   a sin A 
^ 71b" ■ 5?       b~ 

*4_,       i»i 
=  1+ coo A 

8   £.    I It-'"z  B sin" A 
'o-'-o       *T.I   'o    ■'c J7 

<!♦) 

• i 

_       1 
"   2ir 

13 

b 
aln A 
1*C3C""A      ' 

_    1 
"    4»r 

(i oin8 A 
b " 

1 

• 

• 

1*7 « 



Lei 

Sur.aaci-y of Ponnulf.a 

A ■ /.n^le at wliinh conduction  »tarta, 0*Afy 

x^ •» Angle at '-'/hieh oonduotion ?top3, 

xg « Angle at tthioh rectifier current reaches 
peak, 

Q ■ "ft 

fl   *  A-X]  -rOSO   A(003   A  -   CO0   Xj ,    , 

b • sin xo - sin A , 

(IB) 

f(x)  s sin x-(2 cos x+Q(ooa A + Q sin A)e 

-(1--QS)  tifl A 

£<A-x) 

d"JiW M8* 
fljen Xj and x2 are the roots of the following »quaFionas 

sin x^-Q ooa x^ -Q(coa A*Q sin Aja^""*!* 

.(lj-Q2) sin A s o 

coo xof-C sin Xg -(cos A+Q ain A)e 

Iluvin.c found thooe roots, XjtAjQ} nnü x2(A,Q)  JO hove 

(X«) 

7T(A-X2) 

(17) 

.;i 1-*- Q2    a(AJQ) 3in:i 

VC'TT 

u s(A.Q) ain A 
*:rIn " 2TT    b(AfQ)    1+ ose A    • 

867-9 



I . If/k? n(A,(?) all | 

I 
T 
- ■ ■ 

1     a(A,e) sin /I 
da; 

ir ■ 

u>T. 
r 

1 + C33 A , 

■U,Q) . 

Koota of otmtionn (18 J and (17.). RM roots Xj and. 

x„ aro each functions of A and Q. We ore intereatod la five 

values of T; these aro 2, •!,  6» 16, cud 32, and In J *»nfiO 

of A f.'ou zero to 90°, A nonoerapbic chart, with Qei i 

parauokur, was constructed from which Xj and Xg wor3 obtained 

oorraet to three ploaoa. However, it WHS found th.it in 

obtaining ■(AyQ), b(A(Q), a-.d d(A,Q), al nciny aa four plncos 

wer© Loat for vlue3 of A greater than seventy or oichty 

decreot. 

Roots aceursto to six jlacoa Mr« obtained aa fol- 

lov/a. Ton vrluua of A botv. cr. zero and 90°, sriiced at 10° 

intervals, wore chosen* 

Far any ouo pair of voluos of A and Q, o tuotiona 

(16)   ind IV) rare pproxlmated by aeeond d?^"* polynomials 

near the roots, oln"c the root3.were know.i to three places. 

a'.r- 



a LagtaagßMB interpolation tnblo could be jaod to o.:tond 

tho r.ocurocy to or>c T.ore plneo0    Usinc tno table twice again, 

the r.courocy wns extended to six placet».    Dy using the 

LagrangtMi orror factors, it v/ao abeoa that the error in- 

volved in the use of ';ho tobloa w&a lea:; t';nn one part in 

10J»    liovrovcr,   <n order to have a rigid chock en tho ecourii" 

oy of ohe roots, each root begot!*«   .dfch values on 

•itbtr side of tha mot mi substituted bm'x into the cor- 

responding fornul.i (16)  oi.1 (17),    In every caso the root 

cheeked to 3ix places,    Tfc- fifty values of d(A,d) were found 

by a anvon point Slnr3on!s rule integration. 

11 ,*. J0.'...A..d'.^ *    Tn thli eqoe 

ii sc , 

and equation (1)  ro'ueoa to 

dli 
.17" iipj sin wt - ü 

l'h3n 

Since 

than 

h s D''  -a (OOP tft+J «ft)  . rs 

li(A) = 0 , 

'¥, 

D- -. S (cos A+£-    A) 

und 

•»3, 
TT-   Ii(t) » toe /s - con x -(x-A)  nin A. 



The maximum current occurs when 

X2 o IT- A , 

ond io clvon by 

~& IM s 2 ooa A - (TT -SA) sin A . 

The current is ng.-iln zero when 

cos x, ■ cos .'.tA ain A - x^  oin A . (at) 

The total charge flov/iny through tho rectifier 

is given by 

«l " 2 re ■>.;.   üin A+cos A-cos ;:   dx 1 
*V.> 
"jT |3in A - sin Xj -»-(Xj-A) cos A - jH^-Ajaln AJ 

fain A - sin xn- \ esc A(eos2 A - ooo x^)! 

"o~ cso A(2 sin" A-2 ain A sin x,  cos"A-coa"Xi) 
tin» *. 1 x 

»   '- (*>) ,  oao A (sin x,  - oin A)2 , 

in which (10 } ha3 been usod to simplify 40 ).    Uovr, ns in 

equation ( 9 ),  tho total charge flowing through tho loed in 

one cyolo io 



q,   * z£   t 

Equating  this   to    (30),   .»o Obtain 

vrhorc 

iividontly 

i  -■  1     /»ill si  - sin A\8 1   r* '.—iio—■>'  , 

In -.vhiih 

f(j:J « soa A - oos x ~ (x~A)  ain A 

.: >w 

A 

(21) 

rfx)J8 dx a (x^-A) coes A-iC.^-Aj + i sin ^ coa Xj 

-f? sin A oos A+ 1/3 U^«A)a a in2 A 

•8 003 A 3l.i Jh + 2 JOB A jln A 

-(x^-AJ2 ola A co3 A-2A aln A sin x^ 

+ 8A aln2 A + £ sin A coo Xj-8 sin A cos A 

+?xj  sit Xn  oin A  - 2A sin2 A 

x   1/3 (x)~Ajs sin !   f  - (x1-A)2 sin A oos A 

■i-(xj-A)<eoa2 A <--}■■• S a*n x^ sin A) 

♦ 2 sin A ooa Xj^-2 oof A aln Xj^ 

+£• sin x. ooa x^--J sin A coa A 

B67-J 



;.' 

a    cue A [l/3 cos*' An tot" A coa ■'•, *• cos AX 

• cos2 ^i-l/C oos3 x»-eos3 A+2 coa2 A cos x^ 

-coa A cos2 ?r-f coa3 A-cos8 /, coa x^+ufooa A-cos x-y) 

4 2 aln A coa A sin x^-S   iln A cos .■ l sin x^ 

-2 ain A con A aln x±+ 2 aln2 A coa Xj 

--,'.- aln*3 A coa A + A sin A cos x,   sin Xjl 

*    esc A I l/S ooa3 A - 1/3 ooa3 X2+ üf ooa A--J ooa Xj 

+ 2 coa x^ aid8 A - 3/2 ooa x.   aln x^ aln A 

-§   •'..'.    A cos x j 

s    Jl/C (E ooa3 A - 2 coa3 xjJtVS son x^>r 

] (3. sin X, 3ln A) - 2 oos Xj cos" A I oao A 

-.1, 
r- I« « d, 

J-m 

In v/hioh 

d,   * 

'./öfö cos3 A - 2 coc3 Xj) + 3/2 C03 Xjd-sla x,  sin A)-2 coa xA oos/'A 

AIT aln A 

B—p of f gsraaia J&r Q_- ja , .L^JL . 

ace xA a oos A-»-A aln A-Xj aln A , 

Xg   « TT -  *   » 

ft      S   1 I** slo Xi  - sin A\2 
aln A r. 



b, s    2 coo A - '(ft - £A)  sin A  , 

1/6 (5 coa3 A-2 coa3 Xj) ♦• 3/2 oos x^l-oln x,   ain A)-2 003 Xj ooa2 A 

2 IT Jin A 

J-e " ~ ain A 

1       n, 
^ = IT   3ia A   ' 

~L ~   !+■ C30  A 
£ 

TX" - *■    _i ai.n'4 A  , e a 3][ 

EI_   °I        aln A 

'JR.-   -    l   «1       ,    9    , 
r*   :■    " -' c- ■■■ h    • , po m Dj 

(22) 

Tiius 

^SakA- 

»L * a 1  * 

9LS <x> , ft s Q Equation (22) becones 

f(x)   S   1-398 X    . 

& i,, - *m rv, 
<>" 

!3B  X)   dJi.  S  2rr 3n 
«' 





1^0—       For thia coso 

L s. o 
«rd by   inapeotion of PjG. Bj uo hnve 

*1 = ^ (aln x - ain A)  , 

Since 

*1 s If- A , 

a£   *■ * (1 • ala A) 

r1T~A 
J ^    [f(x)] 8 fix S ^-A + aia A 008 A_4 aln A coo A 

tfn--8A)  3ln2 A    ( 

then 

• !;.;• 

or 

In avnmarjf 

R     T 

= (¥~A)   (3.coa ai, ,|aln 2A 

\|f»[<f ^A)   (r..C03 SAj  » | oln .^1 

"  ? = Q *.$   [2 «°- * - <TT - 2A)  ain A] 

•1 .      1 

Q » 0 , 

*\ '"  t - A , 

ö6ü 





Ohoice of Condenser  If the an 'acitince of the load 

condenser «ere infinite, then the varying part of Ij_(t) would 

be completely by-paoaod by the condenser i nrt the load voltage 

'..'ould be exactly 

«•i . 
In which I ia the stoody oonpOMBt of I,(t). In fact, this 

oaounption woo node in order to obtain mi npprosln.-.te solution 

of the problem» The effect of the flaitttMM of the copneity 

of the condenser nay be approximately dcterwlnod by keeping the 

assumption that the varying part of I^tt) la completely by- 

posaed by the condenser and finding the corresponding condenser 

voltage increase. That is 

*E(x) s i. [ (Ij-I) dx . 
Jo 

(26) 

Piß. 3 

Correot bo-ondery conditions ore osaured t - the i'ict that the 

average value of Ij - X is zc.-o. Thus 

*Xo) =Aii(2rr) « o . 

The naxiraum and nlniuun values of Ali(;c) ore obt ined by d 

sotting the derivative of i Z6 )  equal to zero.  heso roints 

occur v.han 

«.- 



IlU) = I 

now 

rco ^   = if [ll(tj - ij <ta 
Jo 

■f 
=    -X+l 1    T T h 

JA 

eta 

(t) dx    , (26) 

Jince Ij_(*J =0 v/hen x< A.    olnoo the average value of   Ijl 

ia zero, 

f 
and ( 2e )  could have boen v/rii ten 

row *|ÜEl    «81T-X+ f Jl^t) 
■'■••-■ 

dx . (27) 

Prou the graphs cf I, (U)     at tho ati  of the report It was 

po33lble to obtain the solution cf (  20 ) graphically. Now each 

of tho currents hod the form ahona in 

«   K. 
^.  

J/»- 

'? ' o  »t 

a 



Flg. 4. The mrximun value of «S(iJ ia obtti:iad by plaoing x s x4 In (26) and 

the .ii.-id.au. la obtained by p.» -i ig x = xs la (27). Sir.es the portion of I,(t) 

inoJLuded batwein x± und x... ia nsr.riy lv.wr, (27) la approximately 

-rou^^-s 2i» - x3 ♦ a(xS - S|) 

= 2ir - <&*l + x3). 

The aase procedure applied to (20) yielda 

(26) 

rc6>*E(x4) _ ^+ A) t 

Tha -ippl« voltage, A;J, ia defined &a the difforenoo of the oaximun 

and ninlmuu values of L'(x), that ia 

ro«£| -.   £§2[B->-AE(X*) -E-4S(x3)j 

roui 

2tr* lU* x^ - xj - x,). 

r. K. Bothwell 
P. D. Cront 

NoTeaber 30, 1945 
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